Let A be an Artin algebra, M be a Gorenstein projective A-module and B = End A M , then M is a A-B-bimodule. We use the restricted flat dimension of M B to give a characterization of the homological dimensions of A and B, and obtain the following main results: (1) if A is a CM-finite algebra with GP(A) = add A E and fin.dim A ≥ 2, then fin.dim B ≤ fin.dim A + rfd(M B ) + pd B Hom A (M, E); (2) If A is a CMfinite n-Gorenstein algebra with GP(A) = add A E and n ≥ 2, then gl.dim B ≤ n + pd B Hom A (M, E).
Introduction
In 1969, M.Auslander and M. Bridger [1] introduced the modules of G-dimension zero over two-sided noetherian rings, which can be viewed as a generalization of Email addresses: aipingzhang@sdu.edu.cn finitely generated projective modules. Several decades later, Enochs and Jenda [7, 8, 10] extended the ideas of Auslander and Bridger and introduced the notion of Gorenstein projective modules (not necessarily finitely generated) over a general ring. It is known that these two notions coincide for finitely generated modules over a left and right noetherian ring. The class of Gorenstein projective modules has become a main ingredient in the relative homological algebra, and is widely used in the representation theory and algebraic geometry [3-5, 11, 12] .
Let A be an Artin algebra. The famous finitistic dimension conjecture says that there exists a uniform bound of the finite projective dimensions of all finitely generated left A-modules of finite projective dimension. This conjecture is related to many other homological conjectures and attracts many algebraists. Motivated by a result of Auslander, which states that every Artin algebra B is of the form eAe with A being of finite global dimension, there is much literature on the study of the relationship of homological dimensions of A and eAe. Xi [19] showed under the condition the Gorenstein projective dimension of right eAe-module Ae is finite, if fin.dim A is finite, then fin.dim eAe is finite. Wei [18] used the restricted flat dimension of right eAe-module Ae to characterize the finitistic dimensions of A and eAe. Huang and Huang [14] used the projective dimension of right eAe-module Ae to characterize the m-syzygy finiteness of A and eAe. For more details, please see [14, 15, [17] [18] [19] [20] and the references therein.
In [16] , Li and Zhang showed that if A is a CM-finite n-Gorenstein algebra with GP(A) = add A E and n ≥ 2, then the global dimension of End A E is no more than n. However, in general case, we do not know much about the relationship of the homological dimensions of A and the endomorphism algebras of Gorenstein projective A-modules. Motivated by the above statements, the aim of this paper is to give a characterization of homological dimensions of A and the endomorphism algebra B of a Gorenstein projective A-module M. Our main results are as follows. If A is a CM-finite n-Gorenstein algebra with GP(A) = add A E and n ≥ 2, then
This paper is organized as follows: In section 2, we recall some definitions and basic facts. The proofs of the results will be given in section 3.
Preliminaries
Let A be a ring, and T A be a right A-module. Following by [6] , T A is said Throughout this paper, let A be an Artin algebra. We denote by A-mod the category of all finitely generated left A-modules and P(A) the subcategory of projective A-modules. Given an A-module M, we denote by add A M the category of all direct summands of finite direct sums of A M. The nth syzygy of the A-module M is denoted by Ω n A (M). Let C be a subcategory of A-mod and M ∈ A-mod, we denote by C-dim( A M) the minimal integer m such that there is an exact sequence
Let A be an Artin algebra. An A-module M is said to be Gorenstein projective if there is an exact sequence of projective modules in A-mod,
such that M ∼ = Im(P 0 → P 0 ) and Hom (−, Q) is still exact for every projective module Q ∈ A-mod.
We say that an A-module M ∈ A-mod has Gorenstein-dimension n if there
are Gorenstein projective and that n is minimal among the lengths of such exact sequence. In this case we write Gpd A M = n.
A Gorenstein ring R is a left and right Noetherian ring with id R R < ∞ and id R R < ∞; a Gorenstein ring R is n-Gorenstein if id R R ≤ n, and in this case id R R ≤ n. An algebra A is Gorenstein if it is a Gorenstein ring.
Let GP(A) be the full subcategory of A-mod of Gorenstein projective modules.
An algebra A is called CM-f inite, if GP(A) has only finitely many isomorphism classes of indecomposable objects. Clearly, A is CM-f inite if and only if there is an
The following lemma proved in [21] will be used later.
Lemma 2.1. Let M be a Gorenstein projective A-module and B = End A M.
Then for any X ∈ B-mod,
Lemma 2.2. is known in homological algebra. 
In this paper, we follow the standard terminology and notation used in the representation theory of algebras and relative homological algebra, see [2, 9] . 
in A-mod where G 0 is Gorenstein projective and Q i is projective for i = 1, . . . , r−2.
Moreover by applying the functor Hom A (M, −) to ( * * ), we obtain the following exact sequence:
The proof is completed. If A is a CM-finite n-Gorenstein algebra with GP(A) = add A E and n ≥ 2, then (N) and A Q is a projective A-module depending on Y . Since A is a CM-finite n-Gorenstein algebra, we have
By [13, Theorem 2.6] , there exists an exact sequence
in A-mod where G 0 is Gorenstein projective and Q i is projective for i = 1, . . . , n−2.
Moreover by applying the functor Hom A (M, −) to the exact sequence (1), we obtain the following exact sequence:
The proof is completed. ✷ Note that in Theorem 3.2., if n = 0 or 1, then gl.dim B ≤ 2 + pd B Hom A (M, E).
As applications of Theorem 3.2, we can easily obtain the following two corollaries. Note that Corollary 3.1. is also a result of [16] .
Corollary 3.1. Let A be a CM-finite n-Gorenstein algebra with GP(A) = add A E and n ≥ 2, then gl.dim End A E ≤ n. We denote by K = ker(1 ⊗ f 1 ), then through the proof of Lemma 2.1., we know 
